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In this paper, it is shown that an ASP(2r + 1, 3) exists for 2 ≤ r ≤ 100 and r 6= 4, 5. The
existence of a (v, 4, 1)-PDF is investigated by taking advantage of the relationship between
ASPs and perfect difference families (PDFs). It is proved that a (12t+1, 4, 1)-PDF exists for
t ≤ 100 and t 6= 2, 3. Several recursive constructions for ASPs and PDFs are also presented.
As a consequence, the existence results of an optimal (v, 4, 1)-OOC is updated.
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1. Introduction
Let K be a set of positive integers, and g and v be positive integers. A cyclic (gv, g, K , 1) difference family (or (gv, g, K , 1)-
CDF for short) is a family F of subsets (base blocks) of Zgv that satisfy (1) if B ∈ F , then |B| ∈ K and (2) the difference list
1F = ∪B∈F 1B is Zgv \ {0, v, 2v, . . . , (g − 1)v}, where1B = {x − y : x, y ∈ B, x 6= y}. A perfect (gv, g, K , 1)-difference
family (briefly (gv, g, K , 1)-PDF) is a cyclic (gv, g, K , 1) difference family F that further satisfies1+F = ∪B∈F 1+B, and
covers each element of {1, 2, . . . , bgv/2c} \ {0, v, 2v, . . . , bg/2cv} exactly once, where 1+B = {x − y : x, y ∈ B, x > y}.
When K = {k}, we often omit the brace and write it by a (gv, g, k, 1)-PDF. In the case of g = 1, we usually use the notations
(v, K , 1)-PDF and (v, k, 1)-PDF. An obvious necessary condition for the existence of a (v, k, 1)-PDF is v ≡ 1(mod k(k− 1)).
A (k(k−1)t+1, k, 1)-PDF is equivalent to a graceful labeling [20] of a graphwith t connected components, all isomorphic
to the complete graph on k vertices. It is also equivalent to regular perfect systems of difference sets starting with 1, which
have been studied by many authors (see [3]). Such a perfect difference family is a powerful tool to construct optimal optical
orthogonal codes [1,7], and we will discuss the application in the last section of the present paper.
It has been shown [4] that a (k(k− 1)t + 1, k, 1)-PDF can exist only when k is 3, 4 or 5. For k = 3, the existence problem
was already solvedwhich is related to Skolem sequence [21], that is, a (6t+1, 3, 1)-PDF exists if and only if t ≡ 0, 1 (mod 4).
For k = 5, a (20t + 1, 5, 1)-PDF can exist only if t is even, and it is known only for t = 6, 8, 10. The reader may refer to
the survey [3] and references therein, for more details about PDFs with k = 3, 5. In this paper, we focus our attention on
dealing with the case of k = 4.
By using the terminology of graceful labeling, a (12t + 1, 4, 1)-PDF is known to exist in [15] for 4 ≤ t ≤ 22. A (12t
+ 1, 4, 1)-PDF for 23 ≤ t ≤ 33 is given in [1]. For t = 34, 35, the existence of a (12t + 1, 4, 1)-PDF was solved in [10].
Combining the results from [2], we summarize the known existence results on (12t + 1, 4, 1)-PDFs as follows.
Lemma 1.1. There exists a (12t + 1, 4, 1)-PDF for 1 ≤ t ≤ 41 and t 6= 2, 3, 37, 38, 39, 40. For t = 2, 3, it does not exist.
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A few known recursive constructions for (12t + 1, 4, 1)-PDFs were given in [18] and later in [16]. We exhibit these in
the following lemma.
Lemma 1.2. Suppose that a (12t + 1, 4, 1)-PDF exists, then there exists a (12(2r + 1)t + 12b + 1, 4, 1)-PDF for each pair
(b, r) ∈ {(1, 2), (1, 6), (4, 9), (5, 11), (5, 12), (6, 12)}.
The paper is organized as follows. In the next section, we will establish several new constructions for ASPs. In particular,
we investigate the existence of ASPs of length three, which are useful to produce new (v, 4, 1)-PDFs. We give the existence
of an ASP(2r+1, 3) for 2 ≤ r ≤ 100 and r 6= 4, 5. In Section 3, we present some recursive constructions for a (12t+1, 4, 1)-
PDF, and show that it exists for any positive integer t ≤ 100 and t 6= 2, 3. Finally in Section 4, we extend the existence result
of optimal (v, 4, 1)-OOCs with the use of new PDFs.
2. Results on ASPs
LetX1 be them-vector (−r,−r+1, . . . ,−1, 0, 1, . . . , r−1, r)wherem = 2r+1, and letX2, X3, . . . , Xn be permutations
of X1. Then X1, X2, . . . , Xn is called an additive sequence of permutations of order m and length n, briefly ASP(m, n), if for
every subsequence of consecutive permutations, their vector sum is again a permutation of X1. ASPs play an important role
in recursive construction for PDFs and vice versa (refer to [3,19,22]).
An ASP(2r+1, 2) exists for any integer r [17]. An ASP(2r+1, 3)with r ∈ {2, 3, 6, 7, 8, 9, 11, 22, 60, 80, 100}was found
in [3,17,18], in further when r ∈ {10, 13, 14} it was given in [10]. An ASP(2r + 1, 4) exists for r ∈ {2, 60, 80, 100} [3]. The
existence of ASPs with length greater than 4 is still unknown. The results about ASPs of length three and r not more than
100 are summarized in the following lemma for later use.
Lemma 2.1. There exists an ASP(2r + 1, 3) for each integer r ∈ {2, 3, 6, 7, 8, 9, 10, 11, 13, 14, 22, 60, 80, 100}.
Before we state our construction for ASPs, we need the following concept of transversal design.
A transversal design (TD) TD(k, n) is a triple (X, G ,A ), where X is a kn-set of points, G is a collection of n-subsets of
X (called groups) which partition X , and A is a collection of subsets of X (called blocks). Each block meets every group in
exactly one point and any pair of points fromdistinct groups occurs in exactly one block ofA . Thus, it follows that each block
contains k points and there is total of n2 blocks. It is well known that a TD(k, n) is equivalent to k− 2 mutually orthogonal
Latin squares (MOLS) of order n, and a TD(k, n) having a parallel class is equivalent to k−2mutually orthogonal idempotent
Latin squares (idempotent MOLS) of order n.
Turgeon [22] has presented a construction for ASPs of length p − 1 where p is a prime. Wild [23] extend this to prime
powers using sharply 2-transitive permutation groups.We nowgive our construction for ASPs below,which can be regarded
as a generalization of their results.
Lemma 2.2. Suppose that there exist a (gv, g, K , 1)-PDF , a TD(n, k) having a parallel class for each k ∈ K and an ASP(g, n−1),
then there exists an ASP(gv, n− 1).
Proof. LetF = {Bi : 1 ≤ i ≤ t} be the family of base blocks of the given (gv, g, K , 1)-PDF. Let Ik = {0, 1, 2, . . . , k− 1} and
(Ik × {1, 2, . . . , n}, {Ik × {i} : 1 ≤ i ≤ n},A ) be a TD(n, k) with a parallel classP = {{(z, 1), (z, 2), . . . , (z, n)} : z ∈ Ik}.
Let A ∗ = A \P = {Aj : 1 ≤ j ≤ k(k− 1)}. We can assume that Aj = {(a1j, 1), (a2j, 2), . . . , (anj, n)} for 1 ≤ j ≤ k(k− 1).
Then {a1j, a2j, . . . , anj} ⊆ Ik and |{a1j, a2j, . . . , anj}| = n for any 1 ≤ j ≤ k(k− 1).
For any base block B = {bi : 0 ≤ i ≤ k − 1} ∈ F , define an n × k(k − 1) array DB = (xij) as follows: xij = baij for
1 ≤ i ≤ n and 1 ≤ j ≤ k(k − 1). It is readily checked that the multiset {xrj − xsj : 1 ≤ j ≤ k(k − 1)} of differences arising
from DB is equal to±(1+B) for any 1 ≤ r 6= s ≤ n.
From the n × k(k − 1) array DB = (xij), we obtain a (n − 1) × k(k − 1) array D′B = (yij), such that yij = xi+1,j − xij, for
1 ≤ i ≤ n−1 and 1 ≤ j ≤ k(k−1). Now define a (n−1)×g(v−1) array (D′B1 |D′B2 | · · · |D′Bt ), and append the array obtained
by multiply v to each element of an ASP(g, n− 1), then the resultant array is the desired ASP(gv, n− 1). 
Taking g = 1 in Lemma 2.2, Condition (3) then can be viewed as a column of n − 1 zeros, we immediately have the
following
Lemma 2.3. If there exist a (v, K , 1)-PDF and a TD(n, k) having a parallel class for each k ∈ K, then there exists anASP(v, n−1).
It iswell known that a TD(k, k)having a parallel class exists for each k ∈ {3, 4, 5}. In this case,we observe from Lemma2.3
that a (v, k, 1)-PDF may yield an ASP. The following corollary also appeared in [18].
Corollary 2.4. For k = 3, 4, 5, if there exists a (v, k, 1)-PDF , then there exists an ASP(v, k− 1).
The following product construction for ASPs is simple but very useful.
Lemma 2.5 ([17]). If there exist both an ASP(m1, n) and an ASP(m2, n), then there exists an ASP(m1m2, n).
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Next we give some direct constructions for ASP of length three with small orders as follows.
Lemma 2.6. There exists an ASP(2r + 1, 3) for r ∈ {15, 16, 18, 19, 20, 21, 23, 25, 26, 27, 29, 33, 35, 39, 41, 43, 53}.
Proof. The required ASPs are listed in terms of α, β , γ below, where α, β , γ are defined to be the (2r + 1)-vectors X1,
X1 + X2, X1 + X2 + X3, respectively.
For r = 16, 19, an ASP(2r + 1, 3) can be displayed as (B| − B); then append a column of zeros. B is defined as follows:
r = 16: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
−15 −13 −11 −9 −7 −5 −3 −1 2 4 8 16 12 6 10 14
−14 −7 −9 −6 3 10 13 −8 16 15 12 4 −1 11 2 5
r = 19:
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
−18 −16 −14 −12 −10 −8 −6 −4 −2 1 3 5 7 11 19 17 15 13 9
−17 −10 −11 6 1 −13 −8 15 14 18 12 −5 19 −2 4 3 7 9 16.
For r = 18, 21, 33, an ASP(2r + 1, 3) can be displayed as (B0|B1|B2) where Bk = (di+k,j) for k = 0, 1, 2, 0 ≤ i ≤ 2,
1 ≤ j ≤ 2r/3, and the subscripts are taken modulo 3; then append a column of zeros. B0 = (dij), 0 ≤ i ≤ 2, 1 ≤ j ≤ 2r/3,
is listed as follows:
r = 18: −6 −5 −4 −3 −2 −1 1 2 3 4 5 6
−18 −16 −17 −13 13 16 17 7 11 18 9 −8
−9 −15 −10 −14 15 14 10 −11 8 12 −7 −12
r = 21: −7 −6 −5 −4 −3 −2 −1 1 2 3 4 5 6 7
−21 −19 −20 −16 −14 15 18 11 17 21 16 −13 −11 12
−10 −12 −18 −8 −17 14 19 20 8 13 9 −15 10 −9
r = 33:
−11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1
20 13 −30 −21 17 23 −28 −32 −33 −31 −12
−13 −19 −25 −27 −14 18 −22 −29 −23 −20 −16
1 2 3 4 5 6 7 8 9 10 11
−17 −24 33 −15 19 32 −18 29 31 22 24
16 −26 30 12 27 15 14 28 21 26 25
For r = 15, 27, 39, an ASP(2r + 1, 3) can be displayed as (B0|B1|B2| − B0| − B1| − B2)where Bk = (di+k,j) for k = 0, 1, 2,
0 ≤ i ≤ 2, 1 ≤ j ≤ r/3, and the subscripts are taken modulo 3; then append a column of zeros. B0 = (dij), 0 ≤ i ≤ 2,
1 ≤ j ≤ r/3, is listed as follows:
r = 15: −15 −14 −13 −12 −11
−7 −10 −8 −6 −9
−4 −1 2 −5 3
r = 27: −27 −26 −25 −24 −23 −22 −21 −20 −19
−18 −16 −14 −12 −10 −2 −13 −15 −17
−3 −9 −11 −8 −4 −1 5 7 6
r = 39: −39 −38 −37 −36 −35 −34 −33 −32 −31 −30 −29 −28 −27
−14 −17 −19 −16 −18 −24 1 −20 −23 −15 −25 −21 −26
−8 −22 −10 −13 −5 −2 3 −6 −12 9 4 7 11.
For r = 20, 26, an ASP(2r + 1, 3) can be displayed as the following two parts. First we construct an array M =
(B0|B1|B2| − B0| − B1| − B2), where Bk = (di+k,j) for k = 0, 1, 2, 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 2)/3, and the subscripts
are taken modulo 3. Then we construct an array Y 1, Y 2, Y 3 by multiplying r/2 to each element of an ASP(5, 3). The desired
ASP is obtained by appending the array Y 1, Y 1 + Y 2, Y 1 + Y 2 + Y 3 toM . B0 = (dij), 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 2)/3, is listed as
follows:
r = 20: −19 −18 −17 −16 −15 −14
−13 −7 −9 −4 −11 −12
−6 −2 −8 −1 3 5
r = 26: −25 −24 −23 −22 −21 −20 −19 −18
−17 −12 −7 −15 −3 −10 −14 −16
−8 −9 −1 −11 −2 4 6 5.
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For r = 23, 29, 35, 41, 53, an ASP(2r + 1, 3) can be displayed as the following two parts. First we construct an array
M = (B0|B1|B2| − B0| − B1| − B2), where Bk = (di+k,j) for k = 0, 1, 2, 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 2)/3, and the subscripts are
takenmodulo 3. Thenwe construct an array Y 1, Y 2, Y 3 bymultiplying (r−3)/2 to each element of an ASP(5, 3). The desired
ASP is obtained by appending the array Y 1, Y 1 + Y 2, Y 1 + Y 2 + Y 3 toM . B0 = (dij), 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 2)/3, is listed as
follows:
r = 23: −23 −22 −21 −19 −18 −17 −16
−12 −13 −8 −2 −14 −9 −15
−7 −1 −6 4 −11 5 3
r = 29: −29 −28 −27 −25 −24 −23 −22 −21 −20
−19 −17 −11 −3 −12 −15 −18 −16 1
−10 −14 −9 −2 5 −8 6 4 7
r = 35: −35 −34 −33 −31 −30 −29 −28 −27 −26 −25 −24
−17 −13 −18 −11 −23 −20 −14 3 −21 −19 −12
−9 −15 −22 −8 −6 5 −1 4 7 10 −2
r = 41: −41 −40 −39 −37 −36 −35 −34 −33 −32 −31 −30 −29 −28
−20 −17 −23 −15 −11 6 −27 −25 −26 −14 −16 1 −18
−21 −12 −8 −13 −24 −3 2 −22 7 4 10 5 9
r = 53:
−53 −52 −51 −49 −48 −47 −46 −45 −44 −43 −42 −41 −40 −39 −38 −37 −36
−26 −23 −29 −21 −17 −15 −2 −7 −34 −24 −28 −32 −16 −35 −31 −20 −33
−27 −18 −14 −19 −30 6 −13 1 5 −8 −22 11 −4 12 10 3 9.
For r = 43, an ASP(2r + 1, 3) can be displayed as the following two parts. First we construct an arrayM = (B0|B1|B2| −
B0| − B1| − B2) where Bk = (di+k,j) for k = 0, 1, 2, 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 7)/3, and the subscripts are taken modulo
3. Then we construct an array Y 1, Y 2, Y 3 by multiplying 5 to each element of an ASP(15, 3). The desired ASP is obtained by
appending the array Y 1, Y 1 + Y 2, Y 1 + Y 2 + Y 3 toM . B0 = (dij), 0 ≤ i ≤ 2, 1 ≤ j ≤ (r − 7)/3, is listed as follows:
r = 43: −43 −41 −40 −39 −38 −37 −33 −32 −31 −29 −28 −27
−42 −24 −26 −21 −22 −18 −12 −23 −34 7 −16 −19
−36 −13 −3 −17 4 6 1 8 −2 9 11 14.
For r = 25, first we construct an array Y 1, Y 2, Y 3 by multiplying (r − 3)/2 to each element of an ASP(5, 3). The desired
ASP(2r + 1, 3) is obtained by appending the array Y 1, Y 1 + Y 2, Y 1 + Y 2 + Y 3 to an array (B| − B). B is defined as follows:
r = 25:
1 2 3 4 5 6 7 8 9 10 12
−24 −21 −18 −20 −15 −13 −10 −8 −9 −5 −1
−23 −19 −15 −12 9 −8 −16 −1 14 20 13
13 14 15 16 17 18 19 20 21 23 24 25
4 2 7 6 3 14 12 17 16 25 23 19
21 17 3 18 24 −2 25 7 −4 6 5 10. 
Lemma 2.7. There exists an ASP(2r + 1, 3) for r = 31.
Proof. The base blocks of a (63, 7, {4, 5}, 1)-PDF are: {0, 3, 13, 17, 25}, {0, 1, 24, 30}, {0, 2, 21, 28}, {0, 11, 16, 31}. Note
that there is a TD(4, k) having a parallel class for each k ∈ {4, 5}. Therefore, applying Lemma 2.2 with an ASP(7, 3) from
Lemma 2.1, we obtain the required ASP(63, 3). 
In order to apply Lemma 2.3 to get new ASPs, we need construct more (v, K , 1)-PDFs. From the Appendix A, we have the
following result.
Lemma 2.8. Let R = {28, 34, 38, 40, 44, 46, 49–51, 55, 56, 58, 61, 63–65, 68–71, 74–76, 79, 81, 83, 85, 86, 88, 89, 91, 93,
95, 98, 99}. Then there exists a (2r + 1, {4, 5, 7, 8}, 1)-PDF for each r ∈ R.
Lemma 2.9. There exists an ASP(2r + 1, 3) for r ∈ R ∪ {30, 36, 48, 54, 78, 90, 96} where R is defined as in Lemma 2.8.
Proof. For each r ∈ R ∪ {30, 36, 48, 54, 78, 90, 96}, by Lemmas 1.1 and 2.8 there exists a (2r + 1, {4, 5, 7, 8}, 1)-PDF.
Note that there exists a TD(4, k) having a parallel for any k ∈ {4, 5, 7, 8}. Applying Lemma 2.3 we then obtain an
ASP(2r + 1, 3). 
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Now we are in the position to establish more ASPs of length three to update the results in Lemma 2.1.
Theorem 2.10. There exists an ASP(2r + 1, 3) for 2 ≤ r ≤ 100 with two exceptions of r = 4, 5.
Proof. An exhausted computer search shows that there does not exist an ASP(2r + 1, 3) for r = 4, 5. For each r ∈
{2, 3, 6–11, 13–16, 18–23, 25–31, 33–36, 38–41, 43, 44, 46, 48–51, 53–56, 58, 60, 61, 63–65, 68–71, 74–76, 78–81, 83,
85, 86, 88–91, 93, 95, 96, 98–100}, an ASP(2r + 1, 3) exists by Lemmas 2.1, 2.6, 2.7 and 2.9. For the remaining cases of r ,
by Lemma 2.5 the conclusion follows immediately. 
In the end of this section, by the product construction for ASPs of Lemma 2.5, we should point out that there exists an
ASP(m, 3), wherem is a product of odd integers x such that 5 ≤ x ≤ 201 and x 6= 9, 11.
3. Existence of (12t + 1, 4, 1)-PDFs
Before describing our construction for perfect difference families, we first introduce the following auxiliary designs.
Let t , k and c be positive integers. A (t, k, c)-system is defined to be a family of t k-subsets Ai, 1 ≤ i ≤ t , such that the set
of differences ∪ti=11+Ai = {j : c ≤ j ≤ k(k− 1)t/2+ c − 1}, where1+Ai = {x− y : x, y ∈ Ai, x > y} for i = 1, 2, . . . , t .
When c = 1, (t, k, c)-system is actually a (k(k− 1)t + 1, k, 1)-PDF. A (t, k, c)-system can be viewed as a generalization of
(k(k− 1)t + 1, k, 1)-PDF.
Next we introduce the terminology of split systems which is based on (t, k, c)-systems.
Let {Ai : 1 ≤ i ≤ t} be a (t, k, c)-systemwhere Ai = {aij : 1 ≤ j ≤ k}, and let X $ ∪ti=1 Ai. For a positive integer p, define
sets A(p)i = {a(p)ij : 1 ≤ j ≤ k}, 1 ≤ i ≤ t , by
a(p)ij =
{
aij aij 6∈ X,
aij + p aij ∈ X .
Further, let1+(p) = ∪ti=11+A(p)i . Then X is a splitting set for the (t, k, c)-system if and only if for some x, with c + 1 ≤ x ≤
k(k− 1)t/2+ c , we have
1+(p) = {i : c ≤ i ≤ x− 1} ∪ {j : p+ x ≤ j ≤ p+ k(k− 1)t/2+ c − 1},
for all positive integer p. We also say that the (t, k, c)-system has a split at x produced by X . Since the empty set is trivially
a splitting set, all (t, k, c)-systems have a split at k(k − 1)t/2 + c . For c = 1, from the Appendix B, we have the following
results.
Lemma 3.1. There exists a (b, 4, 1)-systemwith a split at r+1 for each (b, r) ∈ A, where A = {(6,15), (7,15), (6, 16), (7, 16),
(7, 17), (8, 17), (7, 18), (8, 18), (8, 19), (9, 19), (8, 20), (9, 20), (9, 21), (9, 22), (10, 22), (10, 23), (9, 24), (10, 24),
(11, 24), (11, 25), (10, 26), (11, 26), (12, 26), (12, 27), (11, 28), (12, 28), (13, 28), (11, 30), (12, 30), (13, 30), (12, 31),
(14, 31), (13, 32), (13, 34), (14, 34), (15, 34), (14, 35), (14, 36), (15, 36), (16, 36), (15, 37), (16, 38), (17, 38), (16, 39),
(17, 40), (17, 41)}.
We shall give the following example to illustrate the concept of split systems in Lemma 3.1.
Example 3.2. Let (b, r) = (6, 15). From the Appendix B, the base blocks of a (b, 4, 1)-system with a split at r + 1 are:
{0, 1, 8, 27+ p}, {0, 2, 14, 32+ p}, {0, 4, 24+ p, 33+ p},
{0, 5, 21+ p, 36+ p}, {0, 6, 23+ p, 34+ p}, {0, 10, 13, 35+ p}.
It is readily checked that1+(p) = {i : 1 ≤ i ≤ 15} ∪ {j : 16+ p ≤ j ≤ 36+ p} for any positive integer p.
We record the following two constructions from [19] for later use.
Lemma 3.3 ([19]). (1) If there exists a (t, k, 1)-system and an ASP(m, k−1)withm = 2r+1, then there exists a (mt, k, r+1)-
system.
(2) If there exists a (t, k, r + 1)-system and a (b, k, 1)-system with a split at r + 1, then there exists a (t + b, k, 1)-system.
The following result is obtained from Corollary 2.4 and Lemma 3.3, which also appeared in [18], and later in [23,10].
Corollary 3.4. For k = 3, 4, 5, if there exist both a (u, k, 1)-PDF and a (v, k, 1)-PDF , then there exists a (uv, k, 1)-PDF .
Proof. Let u = k(k − 1)s + 1 and v = k(k − 1)t + 1. Since a (v, k, 1)-PDF exists, then by Corollary 2.4 there exists an
ASP(v, k− 1). Start with a (u, k, 1)-PDF, i.e., a (s, k, 1)-system, and apply Lemma 3.3(1) with an ASP(k(k− 1)t + 1, k− 1),
we obtain a (k(k − 1)st + s, k, k(k − 1)t/2 + 1)-system. Note that a (v, k, 1)-PDF is also a (t, k, 1)-system with a split at
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k(k− 1)t/2+ 1. Hence we use Lemma 3.3(2) to produce a (k(k− 1)st + s+ t, k, 1)-system. Then the desired (uv, k, 1)-PDF
follows with the fact that uv = [k(k− 1)s+ 1][k(k− 1)t + 1] = k(k− 1)[k(k− 1)st + s+ t] + 1. 
We will establish more existence results on (v, 4, 1)-PDFs.
Lemma 3.5. If there exists a (12t + 1, 4, 1)-PDF , then there exists a (12(2r + 1)t + 12b + 1, 4, 1)-PDF for each (b, r) ∈ A,
where A is defined in Lemma 3.1.
Proof. A (12t + 1, 4, 1)-PDF can be interpreted as a (t, 4, 1)-system. Combining this system with an ASP(2r + 1, 3)where
15 ≤ r ≤ 41 fromTheorem2.10,we then get a ((2r+1)t, 4, r+1)-systemby Lemma3.3(1). Note that there exists a (b, 4, 1)-
system with a split at r + 1 for each (b, r) ∈ A from Lemma 3.1. Hence we use Lemma 3.3(2) to get a ((2r + 1)t + b, 4, 1)-
system, that is, a (12(2r + 1)t + 12b+ 1, 4, 1)-PDF we required. 
Now we are in the position to get the main result of this section for PDFs.
Theorem 3.6. There exists a (12t + 1, 4, 1)-PDF for any positive integer t ≤ 100 with two exceptions of t = 2, 3.
Proof. For each positive integer t ≤ 36, by Lemma 1.1, there is a (12t + 1, 4, 1)-PDF with the exceptions of t = 2, 3. Start
with these known PDFs, and then apply Lemmas 1.2 and 3.5, it is not hard to obtain a (12t + 1, 4, 1)-PDF for each integer t
with 37 ≤ t ≤ 100. This completes the proof. 
Remark 3.7. With known existence results on (u, 4, 1)-PDFs for small value u, we can apply recursive constructions of
Lemmas 1.2 and 3.5 inductively to get new (v, 4, 1)-PDFs formany large value v. Furthermore, the newconstructed (v, 4, 1)-
PDFs may produce corresponding new ASP(v, 3).
4. Optimal (v, 4, 1)-OOCs
Let v, k, λa and λc be positive integers. A (v, k, λa, λc) optical orthogonal code, briefly (v, k, λa, λc)-OOC, is a family C of
(0, 1)-sequences (called codewords) of length v and weight k satisfying the following two properties:
(1)
∑
0≤t≤v−1 xtxt+i ≤ λa for any X = (x0, x1, . . . , xv−1) ∈ C and any integer i 6≡ 0(mod v) (the autocorrelation property);
(2)
∑
0≤t≤v−1 xtyt+i ≤ λc for any X = (x0, x1, . . . , xv−1) ∈ C , Y = (y0, y1, . . . , yv−1) ∈ C with X 6= Y , and any integer i
(the cross-correlation property).
When λa = λc = 1, the notation is abbreviated to (v, k, 1)-OOC. A (v, k, 1)-OOC with b(v− 1)/k(k− 1)c codewords is said
to be optimal. A (u, k, 1)-PDF may yield an optimal (v, k, 1)-OOC for all v such that u ≤ v < u+ k(k− 1).
It was shown in [11] that an optimal (v, 3, 1)-OOC exists if and only if v 6= 6t + 2 with t ≡ 2, 3 (mod 4). For an optimal
(v, 4, 1)-OOC, much work has been done on the existence problem (refer to [5–9,12–14,24]). The following result appeared
in [1].
Lemma 4.1 ([1]). There exists an optimal (v, 4, 1)-OOC for any integer v ≤ 408 with the only definite exception of v = 25.
In the remainder of this section, we shall apply the new constructed PDFs from Section 3, to improve the known existence
result of optimal (v, 4, 1)-OOCs stated above.
Theorem 4.2. There exists an optimal (v, 4, 1)-OOC for any positive integer v ≤ 1212 with an exception of v = 25.
Proof. By Lemma 4.1 an optimal (v, 4, 1)-OOC exists for v ≤ 408 with an exception of v = 25. By Theorem 3.6 there
exists a (12t + 1, 4, 1)-PDF for any integer 34 ≤ t ≤ 100. Note that if a (u, 4, 1)-PDF exists, then there exists an optimal
(v, 4, 1)-OOC for all v such that u ≤ v ≤ u + 11. Therefore, there exists an optimal (v, 4, 1)-OOC for any v such that
409 = 12× 34+ 1 ≤ v ≤ 12× 100+ 12 = 1212. 
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Appendix A
For each r ∈ R = {28, 34, 38, 40, 44, 46, 49–51, 55, 56, 58, 61, 63–65, 68–71, 74–76, 79, 81, 83, 85, 86, 88, 89, 91, 93,
95, 98, 99}, the base blocks of a (2r + 1, {4, 5, 7, 8}, 1)-PDF are listed as follows.
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r
28 {0, 1, 5, 22, 24}, {0, 3, 13, 28}, {0, 6, 14, 26}, {0, 9, 16, 27}.
34 {0, 1, 3, 19, 33}, {0, 4, 26, 31}, {0, 6, 17, 29}, {0, 7, 20, 28},
{0, 9, 24, 34}.
38 {0, 1, 3, 30, 34}, {0, 6, 15, 26, 38}, {0, 7, 25, 35}, {0, 13, 21, 37},
{0, 14, 19, 36}.
40 {0, 1, 8, 20, 36}, {0, 2, 24, 33}, {0, 3, 30, 40}, {0, 4, 18, 29},
{0, 5, 26, 39}, {0, 6, 23, 38}.
44 {0, 1, 9, 22, 41}, {0, 2, 17, 33, 44}, {0, 3, 29, 39}, {0, 4, 24, 38},
{0, 5, 28, 35}, {0, 6, 18, 43}.
46 {0, 1, 9, 19, 36}, {0, 2, 23, 34}, {0, 3, 31, 43}, {0, 4, 29, 45},
{0, 5, 20, 42}, {0, 6, 30, 44}, {0, 7, 33, 46}.
49 {0, 1, 16, 28, 38, 46, 49}, {0, 4, 23, 40, 47}, {0, 2, 31, 44}, {0, 5, 25, 39},
{0, 6, 32, 41}.
50 {0, 1, 9, 21, 45}, {0, 2, 16, 39, 49}, {0, 3, 30, 41}, {0, 4, 32, 50},
{0, 5, 31, 48}, {0, 6, 25, 40}, {0, 7, 29, 42}.
51 {0, 1, 14, 22, 32, 47, 49}, {0, 3, 29, 41}, {0, 4, 20, 44}, {0, 5, 39, 50},
{0, 6, 36, 43}, {0, 9, 28, 51}.
55 {0, 1, 8, 21, 38, 40, 54}, {0, 3, 27, 45, 55}, {0, 4, 29, 51}, {0, 6, 41, 50},
{0, 12, 43, 48}, {0, 15, 26, 49}.
56 {0, 1, 10, 21, 43}, {0, 2, 14, 39, 52}, {0, 3, 29, 44}, {0, 4, 32, 49},
{0, 5, 40, 56}, {0, 6, 36, 54}, {0, 7, 34, 53}, {0, 8, 31, 55}.
58 {0, 1, 11, 23, 51}, {0, 2, 15, 44}, {0, 3, 38, 57}, {0, 4, 36, 56},
{0, 5, 31, 48}, {0, 6, 27, 45}, {0, 7, 37, 53}, {0, 8, 41, 55},
{0, 9, 34, 58}.
61 {0, 1, 14, 32, 41, 49, 60}, {0, 2, 23, 47, 57}, {0, 3, 33, 53}, {0, 4, 26, 42},
{0, 5, 44, 56}, {0, 6, 43, 58}, {0, 7, 36, 61}.
63 {0, 1, 10, 21, 35, 48, 63}, {0, 2, 45, 61}, {0, 3, 40, 57}, {0, 4, 33, 56},
{0, 5, 36, 60}, {0, 6, 32, 50}, {0, 7, 46, 58}, {0, 8, 30, 49}.
64 {0, 1, 12, 25, 48}, {0, 2, 16, 42}, {0, 3, 34, 52}, {0, 4, 45, 62},
{0, 5, 32, 60}, {0, 6, 35, 57}, {0, 7, 44, 63}, {0, 8, 46, 61},
{0, 9, 39, 59}, {0, 10, 43, 64}.
65 {0, 1, 13, 37, 46, 54, 64}, {0, 2, 23, 42, 62}, {0, 3, 32, 47, 58}, {0, 4, 38, 52},
{0, 5, 30, 61}, {0, 6, 49, 65}, {0, 7, 35, 57}.
68 {0, 10, 21, 33, 47}, {0, 9, 22, 49, 68}, {0, 8, 44, 62}, {0, 7, 41, 65},
{0, 6, 48, 63}, {0, 5, 50, 66}, {0, 4, 43, 60}, {0, 3, 38, 67},
{0, 2, 30, 55}, {0, 1, 32, 52}.
69 {0, 1, 11, 23, 36, 50, 66}, {0, 2, 48, 69}, {0, 3, 47, 64}, {0, 4, 41, 56},
{0, 5, 45, 63}, {0, 6, 38, 57}, {0, 7, 31, 60}, {0, 8, 28, 62},
{0, 9, 42, 68}.
70 {0, 11, 23, 36, 50}, {0, 10, 26, 54}, {0, 9, 30, 61}, {0, 8, 51, 66},
{0, 7, 41, 63}, {0, 6, 46, 65}, {0, 5, 42, 60}, {0, 4, 33, 57},
{0, 3, 38, 70}, {0, 2, 47, 64}, {0, 1, 49, 69}.
71 {0, 1, 10, 25, 39, 60, 71}, {0, 2, 30, 49, 67}, {0, 3, 26, 57, 69}, {0, 4, 52, 68},
{0, 5, 45, 58}, {0, 6, 42, 62}, {0, 7, 34, 51}, {0, 8, 41, 63}.
74 {0, 11, 23, 36, 50}, {0, 10, 26, 54, 69}, {0, 9, 42, 62}, {0, 8, 49, 66},
{0, 7, 45, 64}, {0, 6, 40, 61}, {0, 5, 51, 73}, {0, 4, 56, 74},
(continued on next page)
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r
{0, 3, 32, 63}, {0, 2, 37, 67}, {0, 1, 48, 72}.
75 {0, 1, 12, 25, 39, 54, 70}, {0, 2, 35, 61}, {0, 3, 51, 74}, {0, 4, 50, 67},
{0, 5, 41, 62}, {0, 6, 28, 72}, {0, 7, 56, 75}, {0, 8, 40, 60},
{0, 9, 43, 73}, {0, 10, 47, 65}.
76 {0, 12, 33, 53, 76}, {0, 11, 40, 55}, {0, 10, 24, 46}, {0, 9, 26, 75},
{0, 8, 39, 71}, {0, 7, 35, 65}, {0, 6, 54, 67}, {0, 5, 57, 73},
{0, 4, 42, 60}, {0, 3, 37, 62}, {0, 2, 47, 74}, {0, 1, 51, 70}.
79 {0, 1, 12, 25, 39, 54, 72}, {0, 2, 22, 58, 79}, {0, 3, 37, 68}, {0, 4, 52, 78},
{0, 5, 49, 66}, {0, 6, 46, 76}, {0, 7, 50, 69}, {0, 8, 59, 75},
{0, 9, 41, 64}, {0, 10, 45, 73}.
81 {0, 1, 13, 27, 42, 58, 75}, {0, 2, 30, 68}, {0, 3, 43, 80}, {0, 4, 51, 71},
{0, 5, 59, 81}, {0, 6, 55, 78}, {0, 7, 39, 63}, {0, 8, 52, 73},
{0, 9, 34, 70}, {0, 10, 60, 79}, {0, 11, 46, 64}.
83 {0, 1, 12, 25, 39, 59, 82}, {0, 2, 32, 50, 78}, {0, 3, 29, 64, 83}, {0, 4, 56, 71},
{0, 5, 49, 65}, {0, 6, 42, 75}, {0, 7, 62, 79}, {0, 8, 53, 74},
{0, 9, 40, 77}, {0, 10, 51, 73}.
85 {0, 1, 13, 27, 42, 58, 76}, {0, 2, 19, 54, 84}, {0, 3, 39, 72}, {0, 4, 60, 81},
{0, 5, 53, 85}, {0, 6, 43, 68}, {0, 7, 47, 71}, {0, 8, 46, 74},
{0, 9, 59, 79}, {0, 10, 61, 83}, {0, 11, 55, 78}.
86 {0, 1, 15, 27, 38, 57, 70, 86}, {0, 2, 36, 60, 80}, {0, 3, 65, 82}, {0, 4, 53, 81},
{0, 5, 50, 68}, {0, 6, 52, 73}, {0, 7, 61, 83}, {0, 8, 47, 72},
{0, 9, 40, 75}, {0, 10, 51, 84}.
88 {0, 1, 18, 32, 48, 61, 73, 88}, {0, 2, 44, 67}, {0, 3, 36, 85}, {0, 4, 62, 83},
{0, 5, 57, 81}, {0, 6, 51, 86}, {0, 7, 53, 75}, {0, 8, 34, 71},
{0, 9, 59, 78}, {0, 10, 64, 84}, {0, 11, 39, 77}.
89 {0, 1, 13, 27, 42, 58, 75}, {0, 2, 39, 69, 89}, {0, 3, 28, 66, 88}, {0, 4, 65, 84},
{0, 5, 52, 86}, {0, 6, 59, 82}, {0, 7, 56, 77}, {0, 8, 43, 79},
{0, 9, 55, 73}, {0, 10, 54, 78}, {0, 11, 51, 83}.
91 {0, 1, 19, 39, 61, 75, 90}, {0, 2, 33, 46, 67}, {0, 3, 26, 88}, {0, 4, 52, 68},
{0, 5, 40, 77}, {0, 6, 55, 82}, {0, 7, 54, 86}, {0, 8, 66, 91},
{0, 9, 59, 87}, {0, 10, 63, 80}, {0, 11, 41, 84}, {0, 12, 57, 81}.
93 {0, 1, 22, 39, 57, 73, 93}, {0, 13, 40, 55}, {0, 12, 43, 76}, {0, 11, 63, 91},
{0, 10, 58, 87}, {0, 9, 59, 84}, {0, 8, 45, 69}, {0, 7, 53, 85},
{0, 6, 66, 89}, {0, 5, 67, 86}, {0, 4, 30, 74}, {0, 3, 68, 82},
{0, 2, 49, 90}.
95 {0, 1, 23, 40, 61, 75, 95}, {0, 2, 45, 58, 82}, {0, 3, 18, 69, 88}, {0, 4, 68, 93},
{0, 5, 59, 91}, {0, 6, 50, 83}, {0, 7, 49, 78}, {0, 8, 65, 92},
{0, 9, 62, 90}, {0, 10, 26, 73}, {0, 11, 41, 87}, {0, 12, 48, 79}
98 {0, 1, 21, 38, 51, 69, 84, 98}, {0, 2, 34, 61, 89}, {0, 12, 36, 92}, {0, 11, 53, 78},
{0, 10, 72, 95}, {0, 9, 52, 91}, {0, 8, 49, 94}, {0, 7, 65, 81},
{0, 6, 70, 96}, {0, 5, 71, 93}, {0, 4, 44, 79}, {0, 3, 57, 76}.
99 {0, 1, 17, 37, 59, 80, 99}, {0, 14, 49, 97}, {0, 13, 68, 94}, {0, 12, 50, 77},
{0, 11, 57, 87}, {0, 10, 64, 88}, {0, 9, 70, 95}, {0, 8, 41, 93},
{0, 7, 39, 73}, {0, 6, 75, 90}, {0, 5, 28, 72}, {0, 4, 51, 96},
{0, 3, 56, 74}, {0, 2, 31, 91}.
Appendix B
Let X be the split set. A (b, 4, 1)-system with a split at r + 1 is listed as follows:
(b, r) = (6, 15) : X = {27, 32, 24, 33, 21, 36, 23, 34, 35}.
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{0, 1, 8, 27}, {0, 2, 14, 32}, {0, 4, 24, 33}, {0, 5, 21, 36}, {0, 6, 23, 34}, {0, 10, 13, 35}.
(b, r) = (7, 15) : X = {21, 36, 41, 19, 30, 29, 42, 23, 37, 28, 40, 24, 33}.
{0, 1, 21, 36}, {0, 2, 10, 41}, {0, 3, 19, 30}, {0, 4, 29, 42}, {0, 5, 23, 37}, {0, 6, 28, 40},
{0, 7, 24, 33}.
(b, r) = (6, 16) : X = {31, 24, 28, 23, 36, 32, 35, 34}.
{0, 1, 12, 31}, {0, 2, 24, 28}, {0, 3, 23, 36}, {0, 5, 15, 32}, {0, 6, 14, 35}, {0, 9, 16, 34}.
(b, r) = (7, 16) : X = {28, 31, 42, 35, 24, 38, 26, 41, 23, 39, 25, 37}.
{0, 1, 9, 28}, {0, 2, 31, 42}, {0, 3, 13, 35}, {0, 4, 24, 38}, {0, 5, 26, 41}, {0, 6, 23, 39},
{0, 7, 25, 37}.
(b, r) = (7, 17) : X = {31, 41, 29, 40, 23, 36, 38, 24, 34, 27, 42}.
{0, 1, 9, 31}, {0, 2, 16, 41}, {0, 3, 29, 40}, {0, 4, 23, 36}, {0, 5, 17, 38}, {0, 6, 24, 34},
{0, 7, 27, 42}.
(b, r) = (8, 17) : X = {48, 22, 34, 28, 45, 27, 43, 35, 46, 24, 37, 26, 40, 29, 44}.
{0, 1, 10, 48}, {0, 2, 22, 34}, {0, 3, 28, 45}, {0, 4, 27, 43}, {0, 5, 35, 46}, {0, 6, 24, 37},
{0, 7, 26, 40}, {0, 8, 29, 44}.
(b, r) = (7, 18) : X = {27, 37, 42, 33, 24, 32, 39, 29, 41, 38}.
{0, 1, 27, 37}, {0, 2, 17, 42}, {0, 3, 14, 33}, {0, 4, 24, 32}, {0, 5, 18, 39}, {0, 6, 29, 41},
{0, 7, 16, 38}.
(b, r) = (8, 18) : X = {20, 29, 47, 36, 46, 27, 42, 26, 39, 41, 32, 44, 30, 48}.
{0, 1, 20, 29}, {0, 2, 16, 47}, {0, 3, 36, 46}, {0, 4, 27, 42}, {0, 5, 26, 39}, {0, 6, 17, 41},
{0, 7, 32, 44}, {0, 8, 30, 48}.
(b, r) = (8, 19) : X = {30, 41, 27, 46, 35, 48, 38, 28, 42, 32, 47, 34, 45}.
{0, 1, 10, 30}, {0, 2, 18, 41}, {0, 3, 27, 46}, {0, 4, 35, 48}, {0, 5, 17, 38}, {0, 6, 28, 42},
{0, 7, 32, 47}, {0, 8, 34, 45}.
(b, r) = (9, 19) : X = {33, 40, 38, 54, 34, 43, 47, 37, 52, 30, 49, 28, 45, 51, 53, 22, 36}.
{0, 13, 33, 40}, {0, 12, 38, 54}, {0, 11, 34, 43}, {0, 8, 18, 47}, {0, 6, 37, 52}, {0, 5, 30, 49},
{0, 4, 28, 45}, {0, 3, 51, 53}, {0, 1, 22, 36}.
(b, r) = (8, 20) : X = {33, 37, 47, 29, 42, 31, 46, 34, 45, 43, 30, 48}.
{0, 1, 10, 33}, {0, 2, 16, 37}, {0, 3, 20, 47}, {0, 4, 29, 42}, {0, 5, 31, 46}, {0, 6, 34, 45},
{0, 7, 19, 43}, {0, 8, 30, 48}.
(b, r) = (9, 20) : X = {32, 24, 43, 39, 52, 30, 50, 28, 42, 53, 34, 51, 33, 48, 38, 54}.
{0, 1, 11, 32}, {0, 2, 24, 43}, {0, 3, 39, 52}, {0, 4, 30, 50}, {0, 5, 28, 42}, {0, 6, 18, 53},
{0, 7, 34, 51}, {0, 8, 33, 48}, {0, 9, 38, 54}.
(b, r) = (9, 21) : X = {23, 33, 41, 40, 52, 29, 47, 35, 51, 34, 54, 45, 50, 36, 53}.
{0, 1, 23, 33}, {0, 2, 15, 41}, {0, 3, 40, 52}, {0, 4, 29, 47}, {0, 5, 35, 51}, {0, 6, 34, 54},
{0, 7, 21, 45}, {0, 8, 19, 50}, {0, 9, 36, 53}.
(b, r) = (9, 22) : X = {34, 26, 43, 35, 54, 50, 45, 37, 53, 36, 49, 38, 52, 48}.
{0, 1, 11, 34}, {0, 2, 26, 43}, {0, 3, 35, 54}, {0, 4, 22, 50}, {0, 5, 20, 45}, {0, 6, 37, 53},
{0, 7, 36, 49}, {0, 8, 38, 52}, {0, 9, 21, 48}.
(b, r) = (10, 22) : X = {35, 56, 28, 48, 43, 59, 29, 51, 37, 58, 33, 47, 38, 57, 36, 53, 42, 60}.
{0, 1, 12, 35}, {0, 2, 15, 56}, {0, 3, 28, 48}, {0, 4, 43, 59}, {0, 5, 29, 51}, {0, 6, 37, 58},
{0, 7, 33, 47}, {0, 8, 38, 57}, {0, 9, 36, 53}, {0, 10, 42, 60}.
(b, r) = (10, 23) : X = {45, 47, 34, 48, 39, 59, 42, 60, 33, 56, 41, 57, 58, 29, 46, 31, 50}.
{0, 10, 21, 45}, {0, 9, 22, 47}, {0, 8, 34, 48}, {0, 7, 39, 59}, {0, 6, 42, 60}, {0, 5, 33, 56},
{0, 4, 41, 57}, {0, 3, 15, 58}, {0, 2, 29, 46}, {0, 1, 31, 50}.
(b, r) = (9, 24) : X = {35, 47, 54, 49, 53, 50, 48, 38, 40, 31, 42, 52}.
{0, 10, 35, 47}, {0, 9, 22, 54}, {0, 8, 23, 49}, {0, 7, 24, 53}, {0, 6, 20, 50}, {0, 5, 21, 48},
{0, 4, 38, 40}, {0, 3, 31, 42}, {0, 1, 19, 52}.
(b, r) = (10, 24) : X = {46, 48, 60, 49, 41, 59, 38, 55, 31, 51, 43, 57, 34, 58, 29, 45}.
{0, 10, 21, 46}, {0, 9, 22, 48}, {0, 8, 23, 60}, {0, 7, 19, 49}, {0, 6, 41, 59}, {0, 5, 38, 55},
{0, 4, 31, 51}, {0, 3, 43, 57}, {0, 2, 34, 58}, {0, 1, 29, 45}.
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(b, r) = (11, 24) : X = {37, 39, 53, 36, 57, 40, 59, 43, 66, 41, 61, 44, 62, 51, 65, 32, 49, 33, 55, 64}.
{0, 12, 37, 39}, {0, 11, 24, 53}, {0, 10, 36, 57}, {0, 9, 40, 59}, {0, 8, 43, 66}, {0, 7, 41, 61},
{0, 6, 44, 62}, {0, 5, 51, 65}, {0, 4, 32, 49}, {0, 3, 33, 55}, {0, 1, 16, 64}.
(b, r) = (11, 25) : X = {49, 52, 36, 54, 37, 58, 40, 60, 41, 63, 44, 61, 34, 59, 46, 65, 66, 32, 48}.
{0, 11, 23, 49}, {0, 10, 24, 52}, {0, 9, 36, 54}, {0, 8, 37, 58}, {0, 7, 40, 60}, {0, 6, 41, 63},
{0, 5, 44, 61}, {0, 4, 34, 59}, {0, 3, 46, 65}, {0, 2, 15, 66}, {0, 1, 32, 48}.
(b, r) = (10, 26) : X = {50, 52, 41, 57, 38, 53, 51, 47, 36, 48, 58, 39, 56, 60}.
{0, 10, 21, 50}, {0, 9, 22, 52}, {0, 8, 41, 57}, {0, 7, 38, 53}, {0, 6, 24, 51}, {0, 5, 19, 47},
{0, 4, 36, 48}, {0, 3, 23, 58}, {0, 2, 39, 56}, {0, 1, 26, 60}.
(b, r) = (11, 26) : X = {50, 52, 53, 37, 57, 40, 55, 36, 62, 66, 38, 63, 35, 54, 43, 60, 47, 65}.
{0, 11, 23, 50}, {0, 10, 24, 52}, {0, 9, 22, 53}, {0, 8, 37, 57}, {0, 7, 40, 55}, {0, 6, 36, 62},
{0, 5, 21, 66}, {0, 4, 38, 63}, {0, 3, 35, 54}, {0, 2, 43, 60}, {0, 1, 47, 65}.
(b, r) = (12, 26) :
X = {43, 45, 50, 44, 54, 46, 65, 48, 68, 42, 66, 47, 72, 57, 37, 63, 53, 71, 41, 62, 61, 70}.
{0, 16, 43, 45}, {0, 15, 22, 50}, {0, 14, 44, 54}, {0, 13, 46, 65}, {0, 12, 48, 68}, {0, 11, 42, 66},
{0, 8, 47, 72}, {0, 6, 23, 57}, {0, 5, 37, 63}, {0, 4, 53, 71}, {0, 3, 41, 62}, {0, 1, 61, 70}.
(b, r) = (12, 27) : X = {40, 53, 54, 42, 57, 46, 70, 44, 63, 38, 65, 45, 68, 35, 56, 71, 72, 50, 66, 34, 60}.
{0, 12, 40, 53}, {0, 11, 25, 54}, {0, 10, 42, 57}, {0, 9, 46, 70}, {0, 8, 44, 63}, {0, 7, 38, 65},
{0, 6, 45, 68}, {0, 5, 35, 56}, {0, 4, 22, 71}, {0, 3, 20, 72}, {0, 2, 50, 66}, {0, 1, 34, 60}.
(b, r) = (11, 28) : X = {52, 54, 58, 65, 46, 63, 48, 66, 43, 64, 40, 55, 53, 34, 47, 62}.
{0, 11, 23, 52}, {0, 10, 24, 54}, {0, 9, 25, 58}, {0, 8, 28, 65}, {0, 7, 46, 63}, {0, 6, 48, 66},
{0, 5, 43, 64}, {0, 4, 40, 55}, {0, 3, 22, 53}, {0, 2, 34, 47}, {0, 1, 27, 62}.
(b, r) = (12, 28) : X = {54, 56, 57, 40, 61, 46, 68, 50, 70, 55, 71, 37, 64, 39, 62, 44, 72, 36, 53, 67}.
{0, 12, 25, 54}, {0, 11, 26, 56}, {0, 10, 24, 57}, {0, 9, 40, 61}, {0, 8, 46, 68}, {0, 7, 50, 70},
{0, 6, 55, 71}, {0, 5, 37, 64}, {0, 4, 39, 62}, {0, 3, 44, 72}, {0, 2, 36, 53}, {0, 1, 19, 67}.
(b, r) = (13, 28) :
X = {46, 48, 53, 58, 47, 75, 54, 72, 57, 78, 49, 71, 52, 77, 56, 76, 40, 67, 36, 55, 42, 68, 64, 74}.
{0, 17, 46, 48}, {0, 16, 23, 53}, {0, 15, 24, 58}, {0, 14, 47, 75}, {0, 13, 54, 72}, {0, 12, 57, 78},
{0, 11, 49, 71}, {0, 8, 52, 77}, {0, 6, 56, 76}, {0, 5, 40, 67}, {0, 4, 36, 55}, {0, 3, 42, 68},
{0, 1, 64, 74}.
(b, r) = (11, 30) : X = {46, 55, 63, 64, 48, 65, 43, 61, 45, 52, 47, 66, 59, 42, 62, 57}.
{0, 15, 46, 55}, {0, 14, 24, 63}, {0, 13, 29, 64}, {0, 12, 48, 65}, {0, 11, 43, 61}, {0, 8, 45, 52},
{0, 6, 47, 66}, {0, 5, 26, 59}, {0, 4, 42, 62}, {0, 3, 28, 30}, {0, 1, 23, 57}.
(b, r) = (12, 30) : X = {43, 56, 57, 59, 63, 45, 68, 41, 62, 64, 66, 52, 69, 50, 70, 38, 53, 72}.
{0, 12, 43, 56}, {0, 11, 25, 57}, {0, 10, 26, 59}, {0, 9, 28, 63}, {0, 8, 45, 68}, {0, 7, 41, 62},
{0, 6, 24, 64}, {0, 5, 27, 66}, {0, 4, 52, 69}, {0, 3, 50, 70}, {0, 2, 38, 53}, {0, 1, 30, 72}.
(b, r) = (13, 30) :
X = {44, 58, 59, 61, 62, 51, 74, 46, 76, 48, 73, 60, 78, 40, 69, 43, 67, 37, 56, 57, 77, 71}.
{0, 13, 44, 58}, {0, 12, 27, 59}, {0, 11, 28, 61}, {0, 10, 26, 62}, {0, 9, 51, 74}, {0, 8, 46, 76},
{0, 7, 48, 73}, {0, 6, 60, 78}, {0, 5, 40, 69}, {0, 4, 43, 67}, {0, 3, 37, 56}, {0, 2, 57, 77},
{0, 1, 22, 71}.
(b, r) = (12, 31) : X = {57, 59, 62, 46, 63, 49, 69, 58, 50, 72, 60, 47, 68, 42, 56, 67, 71}.
{0, 12, 25, 57}, {0, 11, 26, 59}, {0, 10, 28, 62}, {0, 9, 46, 63}, {0, 8, 49, 69}, {0, 7, 23, 58},
{0, 6, 50, 72}, {0, 5, 24, 60}, {0, 4, 47, 68}, {0, 3, 42, 56}, {0, 2, 29, 67}, {0, 1, 31, 71}.
(b, r) = (14, 31) :
X = {50, 52, 57, 60, 51, 77, 53, 81, 59, 82, 55, 75, 65, 84, 45, 66, 47, 76, 83, 42, 72, 64, 74, 49, 80}.
{0, 18, 50, 52}, {0, 17, 24, 57}, {0, 16, 25, 60}, {0, 15, 51, 77}, {0, 14, 53, 81}, {0, 13, 59, 82},
{0, 12, 55, 75}, {0, 11, 65, 84}, {0, 8, 45, 66}, {0, 6, 47, 76}, {0, 5, 27, 83}, {0, 4, 42, 72},
{0, 3, 64, 74}, {0, 1, 49, 80}.
(b, r) = (13, 32) : X = {60, 62, 63, 64, 67, 57, 74, 48, 68, 45, 77, 51, 75, 44, 69, 59, 55, 78, 43, 73}.
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{0, 13, 27, 60}, {0, 12, 28, 62}, {0, 11, 26, 63}, {0, 10, 29, 64}, {0, 9, 31, 67}, {0, 8, 57, 74},
{0, 7, 48, 68}, {0, 6, 45, 77}, {0, 5, 51, 75}, {0, 4, 44, 69}, {0, 3, 21, 59}, {0, 2, 55, 78},
{0, 1, 43, 73}.
(b, r) = (13, 34) : X = {58, 77, 56, 63, 61, 68, 57, 78, 71, 66, 72, 48, 75, 67, 74, 76, 51, 53}.
{0, 17, 58, 77}, {0, 16, 56, 63}, {0, 15, 24, 61}, {0, 14, 32, 68}, {0, 13, 57, 78}, {0, 12, 22, 71},
{0, 11, 31, 66}, {0, 8, 34, 72}, {0, 6, 48, 75}, {0, 5, 28, 67}, {0, 4, 29, 74}, {0, 3, 33, 76},
{0, 1, 51, 53}.
(b, r) = (14, 34) :
X = {64, 66, 67, 68, 72, 58, 84, 60, 78, 61, 80, 47, 71, 51, 74, 42, 63, 48, 82, 83, 44, 77}.
{0, 14, 29, 64}, {0, 13, 30, 66}, {0, 12, 28, 67}, {0, 11, 31, 68}, {0, 10, 32, 72}, {0, 9, 58, 84},
{0, 8, 60, 78}, {0, 7, 61, 80}, {0, 6, 47, 71}, {0, 5, 51, 74}, {0, 4, 42, 63}, {0, 3, 48, 82},
{0, 2, 27, 83}, {0, 1, 44, 77}.
(b, r) = (15, 34) :
X = {54, 56, 61, 64, 55, 75, 57, 80, 62, 86, 73, 83, 52, 81, 77, 49, 79, 51, 82, 63, 90, 78, 53, 87, 68, 89}.
{0, 19, 54, 56}, {0, 18, 25, 61}, {0, 17, 26, 64}, {0, 16, 55, 75}, {0, 15, 57, 80}, {0, 14, 62, 86},
{0, 13, 73, 83}, {0, 12, 52, 81}, {0, 11, 33, 77}, {0, 8, 49, 79}, {0, 6, 51, 82}, {0, 5, 63, 90},
{0, 4, 32, 78}, {0, 3, 53, 87}, {0, 1, 68, 89}.
(b, r) = (14, 35) : X = {65, 67, 68, 69, 84, 79, 57, 83, 48, 71, 59, 78, 60, 81, 50, 77, 42, 66, 82, 44, 62}.
{0, 14, 29, 65}, {0, 13, 30, 67}, {0, 12, 28, 68}, {0, 11, 31, 69}, {0, 10, 32, 84}, {0, 9, 34, 79},
{0, 8, 57, 83}, {0, 7, 48, 71}, {0, 6, 59, 78}, {0, 5, 60, 81}, {0, 4, 50, 77}, {0, 3, 42, 66},
{0, 2, 35, 82}, {0, 1, 44, 62}.
(b, r) = (14, 36) : X = {51, 66, 53, 69, 67, 73, 59, 84, 79, 68, 57, 78, 81, 77, 58, 80, 46, 64, 65, 83}.
{0, 14, 51, 66}, {0, 13, 53, 69}, {0, 12, 29, 67}, {0, 11, 31, 73}, {0, 10, 59, 84}, {0, 9, 32, 79},
{0, 8, 27, 68}, {0, 7, 57, 78}, {0, 6, 36, 81}, {0, 5, 33, 77}, {0, 4, 58, 80}, {0, 3, 46, 64},
{0, 2, 26, 65}, {0, 1, 35, 83}.
(b, r) = (15, 36) :
X = {68, 70, 71, 72, 74, 57, 85, 54, 73, 59, 88, 62, 84, 87, 48, 83, 50, 86, 52, 79, 44, 69, 66, 90}.
{0, 15, 31, 68}, {0, 14, 32, 70}, {0, 13, 30, 71}, {0, 12, 33, 72}, {0, 11, 34, 74}, {0, 10, 57, 85},
{0, 9, 54, 73}, {0, 8, 59, 88}, {0, 7, 62, 84}, {0, 6, 26, 87}, {0, 5, 48, 83}, {0, 4, 50, 86},
{0, 3, 52, 79}, {0, 2, 44, 69}, {0, 1, 66, 90}.
(b, r) = (16, 36) :
X = {57, 59, 64, 67, 58, 68, 60, 88, 61, 93, 56, 87, 65, 90, 55, 91, 74, 96, 62, 83, 82, 53, 86, 84, 69, 92, 71, 95}.
{0, 20, 57, 59}, {0, 19, 26, 64}, {0, 18, 27, 67}, {0, 17, 58, 68}, {0, 16, 60, 88}, {0, 15, 61, 93},
{0, 14, 56, 87}, {0, 13, 65, 90}, {0, 12, 55, 91}, {0, 11, 74, 96}, {0, 8, 62, 83}, {0, 6, 35, 82},
{0, 5, 53, 86}, {0, 4, 34, 84}, {0, 3, 69, 92}, {0, 1, 71, 95}.
(b, r) = (15, 37) :
X = {69, 71, 72, 73, 75, 77, 53, 89, 78, 56, 81, 58, 82, 68, 90, 55, 83, 50, 87, 62, 88, 46, 66}.
{0, 15, 31, 69}, {0, 14, 32, 71}, {0, 13, 30, 72}, {0, 12, 33, 73}, {0, 11, 34, 75}, {0, 10, 29, 77},
{0, 9, 53, 89}, {0, 8, 35, 78}, {0, 7, 56, 81}, {0, 6, 58, 82}, {0, 5, 68, 90}, {0, 4, 55, 83},
{0, 3, 50, 87}, {0, 2, 62, 88}, {0, 1, 46, 66}.
(b, r) = (16, 38) :
X = {72, 74, 75, 76, 78, 60, 90, 55, 93, 71, 96, 65, 94, 51, 88, 70, 91, 58, 89, 50, 77, 95, 54, 82, 48, 68}.
{0, 16, 33, 72}, {0, 15, 34, 74}, {0, 14, 32, 75}, {0, 13, 35, 76}, {0, 12, 36, 78}, {0, 11, 60, 90},
{0, 10, 55, 93}, {0, 9, 71, 96}, {0, 8, 65, 94}, {0, 7, 51, 88}, {0, 6, 70, 91}, {0, 5, 58, 89},
{0, 4, 50, 77}, {0, 3, 26, 95}, {0, 2, 54, 82}, {0, 1, 48, 68}.
(b, r) = (17, 38) :
X = {63, 85, 60, 89, 64, 94, 69, 100, 58, 95, 77, 80, 67, 101, 76, 102, 71, 96, 62, 72, 48, 50, 90, 99, 92, 43, 70, 91,
75, 98}.
{0, 17, 63, 85}, {0, 16, 60, 89}, {0, 15, 64, 94}, {0, 14, 69, 100}, {0, 13, 58, 95}, {0, 12, 36, 77},
{0, 21, 28, 80}, {0, 20, 67, 101}, {0, 19, 76, 102}, {0, 18, 71, 96}, {0, 11, 62, 72}, {0, 8, 48, 50},
{0, 6, 90, 99}, {0, 5, 38, 92}, {0, 4, 43, 70}, {0, 3, 35, 91}, {0, 1, 75, 98}.
(b, r) = (16, 39) :
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X = {73, 75, 76, 77, 79, 82, 61, 90, 55, 94, 74, 95, 63, 91, 53, 78, 70, 93, 58, 96, 89, 52, 83, 49, 69}.
{0, 16, 33, 73}, {0, 15, 34, 75}, {0, 14, 32, 76}, {0, 13, 35, 77}, {0, 12, 36, 79}, {0, 11, 37, 82},
{0, 10, 61, 90}, {0, 9, 55, 94}, {0, 8, 74, 95}, {0, 7, 63, 91}, {0, 6, 53, 78}, {0, 5, 70, 93},
{0, 4, 58, 96}, {0, 3, 30, 89}, {0, 2, 52, 83}, {0, 1, 49, 69}.
(b, r) = (17, 40) :
X = {60, 85, 62, 102, 56, 78, 75, 98, 57, 89, 54, 93, 94, 61, 99, 66, 86, 55, 73, 97, 65, 100, 101, 95, 79, 70, 44, 81}.
{0, 11, 60, 85}, {0, 10, 62, 102}, {0, 9, 56, 78}, {0, 8, 75, 98}, {0, 7, 57, 89}, {0, 6, 54, 93},
{0, 17, 36, 94}, {0, 16, 61, 99}, {0, 15, 66, 86}, {0, 14, 55, 73}, {0, 13, 34, 97}, {0, 12, 65, 100},
{0, 5, 29, 101}, {0, 4, 31, 95}, {0, 3, 33, 79}, {0, 2, 28, 70}, {0, 1, 44, 81}.
(b, r) = (17, 41) :
X = {77, 79, 80, 81, 83, 84, 58, 86, 64, 88, 62, 94, 74, 100, 68, 97, 55, 82, 57, 98, 73, 95, 59, 99, 50, 89, 102}.
{0, 17, 35, 77}, {0, 16, 36, 79}, {0, 15, 34, 80}, {0, 14, 37, 81}, {0, 13, 38, 83}, {0, 12, 33, 84},
{0, 11, 58, 86}, {0, 10, 64, 88}, {0, 9, 62, 94}, {0, 8, 74, 100}, {0, 7, 68, 97}, {0, 6, 55, 82},
{0, 5, 57, 98}, {0, 4, 73, 95}, {0, 3, 59, 99}, {0, 2, 50, 89}, {0, 1, 31, 102}.
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